SOME PROPERTIES OF A SPECIAL SET OF RECURRING SEQUENCES

H. C. WILLIAMS
Several number theoretic and identity properties of three special second order recurring sequences are established. These are used to develop a necessary and sufficient condition for any integer of the form 2 n 3 m A -1 (A < 2 n+1 S m -1) to be prime. This condition can be easily implemented on a computer. 1* Introduction. Various tests for primality of integers of the form 2 n A -1 and Z n A -1 are currently available; for example, Lehmer [2] and Riesel [5] have developed necessary and sufficient conditions for 2 % A -1 to be prime when A < 2 n and Williams [6] has given a necessary and sufficient condition for the primality of 2A2> n -1 when A < 4 3 U -1. Of special concern to Riesel was the determination of the primality of 3A2 % -1; in this paper we present a simple necessary and sufficient condition for 2 n 3 m A -1 to be prime when A < 2 n+1 Z m -1. In order to obtain this result we must first develop some properties of a special set of second order linear recurring sequences.
Let a, b be two integers and put a = a + bp, β -a + bp 2 , where p 2 + p + 1 = 0. We define for any integer n R np -p It follows that J? w , S Λ , T n are integers for any nonnegative integral value of n. In the next sections of this paper we present a number of identities satisfied by the R n , S n , T n functions. We also develop some of their number theoretic properties. It should be noted that 274 H. C. WILLIAMS the function T n is simply a constant multiple b of the Lucas function U=(a n -β n )l(a -β); hence, many of its properties are easily deduced from the well-known (see, for example, [2] ) properties of the Lucas functions.
2* Some identities* We first note that from the definition of R n , S n , T n , we obtain the fundamental identity
We can easily verify for any integers m, n that
Putting w = 1, we get
Putting n = m, we see that
Btn Γa^ = T n {R n -S n ) also, by using these results and putting m = 2n above, we get
If, in the first of these formulas, we put n = m, we have Tl -i2 % S % ; hence, we can deduce the following:
Tl + i2 % T w + R\ = Rl + S w i2. + Si -Si + Tβ n + Tl = H n ,
More generally, we have
We also have
A great many other identities satisfied by these functions can be developed; for example, since
we can use Waring's formula (see, for example, [4] The following identities are also of some interest:
Both of these formulas can be derived by expanding the powers of the binomials and using the formulas above for expressions of the form Ri + Si + Tί and (R&y + (S n T u )' + (TJtJ.
and from these we are able to derive
and
Many other identities similar to those satisfied by the R n , S n , T n functions are satisfied by W n9 X n9 Y n functions.
3* Some number theoretic results* In the discussion that follows we will assume that a and 6 satisfy the following two properties:
It follows from (1) and (2) that (G, H) = 1. We can now develop several divisibility properties of the R nf S % , T n functions. We will also assume in what follows that n, m represent positive integers.
Proof. If p is any prime divisor of R n and ίZ", then by (1.1) p is a divisor of R n -X . By continuing this reasoning, we see that p\R t . If p I R x and p \ H, then R o = 1 and p \ G, which is impossible. In the same way we see that (S Λ , H) = 1. Also, if p\(T n ,H), then by the above reasoning p\T 1 = b. Since p\H, we have p\a and consequently p\G.
Proof. If p is any prime divisor of any two of R n , S n , T n , then by (2.4) p must divide if, which is impossible by the preceding lemma.
Since T n is a simple multiple of the Lucas function U n , {T n } is divisibility sequence, i.e., T n \T m whenever n\m. The analogous properties of R n and S n are given in It is not in general true that ω t (m) or ω z {m) exist for any m such that (m, ΣΓ) = 1. In the results that follow we give some characterization of those values of m such that ω^m) or ω z {m) do exist. In Theorems 2, 3 ? 4, and Lemma 3 we give results concerning R n and co 1 only; however, analogous results involving S n and ω 2 for each of these are also true and their proofs are similar. Since m\T qω and (Γ gtϋ , R qω ) = 1, we see that m|J? r , which is impossible. Thus, ω 1 < ω.
Since m|Γ 3β>1 , we must have ω\Zω{; since ω > ω 19 we see that 31 ft) and ω λ = ft)/3 or 2ft)/3. Now
thus, m|S ω _ ωi and ft) 2 ^ ft) -ft) x < ω. Since as with ft) x , m|T 3ω2 , it follows that ft) 13ω 2 , so α) 2 = ω/S or 2ft)/3. Now if ω 1 -ω 2 = ω/3 or 2ω/3, then Jί β , 1 + S ωi + Γ βl = 0 implies m \ T ωι , which is a contradiction since ω γ < ω. Thus, since ^ Φ ω 2 , we must have ω γ + α> 2 = ft).
THEOREM 3. // (m, ίί) = 1 α^ώ m|JB Λ , ίfeew ft) x exists α^d either ω^n and n/ω 1 = I(mod3) or w 2 \n, ft) 2 = ωJ2 and n/ω 2 = -I(mod6).
Proof. Let w = Sft)^ + r (0 <; r < 3ft)!); then 0 = R n -i2 3(yig i2 r -Γ 3ωig Γ r = i2 3ωig i2 r (mod m) and m|i2 r . We now distinguish two cases. Case 1. ft) x = ft)/3. Here we have r < ω and 3r < 3ft). Since m I T Zr , we see that 3r = ft) or 2ft). If 3r = 2ft), then r = ft) 2 , which, since (J2 r , S r ) = 1, is impossible.
Thus, r = ft)/3 = ω l9 ω λ \n and /ft)i Ξ 1 (mod 3).
Case 2. ω t = 2ft)/3. In this case we see that r < 2ft) and 3r < 6ft). Thus, 3r is one of ft), 2ft), 4ft), 5ft). If 3r = ft) or 4ft), then r = ft) 2 or 4ft) 2 . Since (J? r , S r ) = 1, this is impossible. Thus r = ft) x or ft) + ft) lβ If r = ω lt we have ω x \n and %/α)! = I(mod3); if r = ft) + ft) 1? then tι = 3ft)^ + ft) + ft)i = Qω 2 q + 3ft) 2 + 2ft) 2 = (6# + 5)ft) 2 .
COROLLARY.
Under the conditions of Theorem 3, we must have n = ft)i (mod 3 V+1 ), lί fcβre 3*110)!, v ^ 0. 
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Proof. Suppose Ω x = ω t (mn) exists; then clearly ω ί = ω^m) and = ω^ri) exist and If Ω/ω 1 = 1 (mod 3), then ϋ^ = 0 (mod mn); if i2/ω = -1 (mod 3), then S Ω = R 2Ω = 0 (mod mn). In either case we see that ω^mri) must exist.
In order to continue our discussion of the existence of ω x (m) and ά) 8 (m) it is necessary to consider the question of the existence of oOjip^t (0 2 and The theorem follows easily from this result and the definition of R n , S n and T n .
Case 2. e = -1. In this case N(π) = p 2 , a? = /3(modp),
It follows that
If 77 = 0 and pie (mod 9), then ω^p) and α) 2 (p) can not exist; for, in this case, <# | (p -ε)/3 and 31 ό). If, on the other hand, η Φ 0, then <#! and ft) 2 do exist and
where 3*1 |p -ε. The question of whether ω x -2ω 2 or ω x = α> 8 /2 seems to be rather diίBcult. We can give some simple results on this but we first require When p is a prime, p = 1 (mod 12), and (JET| p) = 1, we can obtain a further refinement of the results of Theorem 7. We first require The remainder of the theorem follows by using reasoning similar to that used in the proof of Theorem 7.
Using Theorem 7, we see that if η Φ 0, σ = -1, and if (p -e)/3 has no prime divisors which are of the form 6t -1, then ω t = ω 2 /2 when η = 2 and ω 2 = ωJ2 when )? = 1. For suppose η -2, σ = -1 and 2λ = (p -e)/3. Since ^ = 0 (mod p) we see that S λ =£ 0 (mod p) and i? 2^ Ξ 0 (mod p). Hence or 2λ = ω 2 (6k -1) , where ω 1 = 2ft> 2 .
Since no prime factor of the form 6ί -1 divides λ, we must have 2λ = ω&k + 1) .
If ω x = 2ω 2 , X = (3k + ϊ)ω 2 and p | S λ which is not so; thus, ω 1 = ωJ2.
5* Primality testing and pseudoprimes* In this section we require the symbol [A + Bρ\C + Dp] of Williams and Holte [7] . In [7] it is shown how this symbol may be easily evaluated. It is also pointed out that if C + Dp is a prime of Q(p), then [A + Bp | C + Dp] is the cubic character of A + Bp modulo C + Dp. We are now able to give the main result of this paper. v -u) . Now A is odd and n > 1; hence, one of u, v must be even and A ^ 2 w+1 3 m -1, which is not possible; thus, N is a prime. Similarly, it can be shown that if N\ Y L , then N is a prime.
This criterion for the primality of N can be easily implemented on a computer by making use of the identities
The values of a, b can be easily found by trial and then R L , S L determined modulo N by using the above identities in conjunction with a power technique such as that of Lehmer [3] .
It is of some interest to determine whether there exist composite
Such values of JV can be considered as a type of pseudoprime. In fact, if N= -I(mod3), [H(a + bρ)\N] = p\ σ = (H\N), we define JV to be an a-pseudoprime to base a + bp if it divides the appropriate entry of Table 1 None of these has both σ = -1 and 7^0. Such α-pseudoprimes seem to be rather rare; however, they do exist. For example, let q, p lf be primes such that q == 1 (mod 3), p x = 6q -1 and select α, 6 such that [a + ί^lpj = p 2 and (H\p^ = -1. If p 2 is prime such that p 2 = 13 (mod 36), (p 2 , p t (2& -α)) = 1 and Γ g = 0 (mod p 2 ), then iV = p^ is an α-pseudoprime to base a + bp and . We also find that the prime 653881 divides Γ 5449 ; hence, iV r = 32693-653881 = 21377331533 is an α-pseudoprime to base 2 + 3^ and N\X {N+1)/6 .
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